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Two-dimensional Hubbard model is very important in condensed matter physics. However it has not been
resolved though it has been proposed for more than 50 years. We give several methods to construct eigenstates
of the model that are independent of the on-site interaction strength U .
PACS numbers: 31.15.aq
Hubbard model is proposed in 1963 [1], and is now be-
lieved to have some relationship with the theoretical mecha-
nism of high temperature superconductivity. In the Hubbard
model, except for single electron hoping terms, there are also
on-site interactions for electrons occupying the same lattice
site. The Hubbard model looks simple, which actually is dif-
ficult to solve except in one dimension. In 1990 Yang and
Zhang find that the model has a SO4 symmetry and construct
many eigenstates that are independent of the on-site interac-
tion strength U [2]. They believe that they have found all the
U independent eigenstates of the model, but they do not know
how to prove the statement. Here we show that their statement
is incorrect by giving many new U independent eigenstates of
the Hubbard model. Our results are demonstrated in two di-
mensional Hubbard model, but they can be easily extended to
higher dimensions.
The Hubbard model on a periodic two dimensional L × L
lattice where L is even is defined by the Hamiltonian
H = −t
∑
〈r,r′〉
(a†rar′ + b
†
rbr′) + U
∑
r
a†rarb
†
rbr, (1)
where 〈r, r′〉 means the sum is over the nearest neighbor, ar
and br are annihilation operators for spin-up and spin-down
electrons in coordinate space, respectively, and r = (x, y)
designates the L × L lattice sites with x and y being integers
0, 1, . . . , L − 1. The operators obey the usual commutation
relations for Fermi operators. The parameter U is the on-site
interaction strength, which is usually positive to represent the
Coulomb repulsion between electrons on the same site. Define
the annihilation operators ak and bk in momentum space as
ak =
1
L
∑
r
are
−ik·r, bk =
1
L
∑
r
bre
−ik·r, (2)
where k = (kx, ky), kx and ky are integers times 2pi/L and
are restricted to the range −pi to pi. The Hamiltonian H can
be rewritten as
H =
∑
k
E(k)(a†kak + b
†
kbk) + U
∑
r
a†rarb
†
rbr, (3)
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whereE(k) = −2t(cos kx+cos ky). It is difficult to construct
eigenstates of H when neither t nor U is zero. An important
progress is made in 1989, Yang construct many eigenstates
of H through a mechanism called η pairing [3]. Then in the
following year, based on the η pairing, Yang and Zhang show
that H has a SO4 symmetry and construct more eigenstates
of H [2]. To our knowledge, from then on no new eigenstates
of H are constructed.
It is necessary to give an introduction to the eigenstates con-
structed by Yang and Zhang [2], before presenting our new
eigenstates. Their result is described through spin operators
and pseudospin operators. The spin operators are
S+ =
∑
r
a†rbr, S− = S
†
+, Sz =
1
2
∑
r
(a†rar − b
†
rbr). (4)
The pseudospin operators are
J+ =
∑
r
eipi·ra†rb
†
r, J− = J
†
+, Jz =
1
2
(N −M), (5)
where pi = (pi, pi), N =
∑
r(a
†
rar + b
†
rbr), M = L
2 is the
total number of the lattice sites, and J+ is the η pairing opera-
tor constructed by Yang [3]. The operators H , S2, Sz , J2 and
Jz commute with each other and have common eigenstates,
where
S2 = S+S− + S
2
z − Sz, J
2 = J+J− + J
2
z − Jz . (6)
Suppose |Θ〉 is a common eigenstate of the operators H , S2,
Sz , J
2 and Jz with eigenvalues E, s(s+ 1), sz , j(j + 1) and
jz , respectively, then Jm+ Sn+|Θ〉 is also a common eigenstate
with eigenvalues E + mU , s(s + 1), sz + n, j(j + 1) and
jz +m, respectively, for m ≤ j − jz and n ≤ s − sz . Yang
and Zhang consider the state
|Υ〉 = b†k1b
†
k2
. . . b†kNb
|0〉, Nb = 0, 1, . . . ,M, (7)
where |0〉 is the vacuum state, which is obviously a common
eigenstate of the operators H , S2, Sz , J2 and Jz . Note that
S−|Υ〉 = 0 and J−|Υ〉 = 0, for |Υ〉 there is
s = −sz =
1
2
Nb, j = −jz =
1
2
(M −Nb). (8)
Therefore, for a given Nb, the states Jm+ Sn+|Υ〉 are common
eigenstates ofH , S2, Sz , J2 and Jz form = 0, 1, . . . ,M−Nb
2and n = 0, 1, . . . , Nb. These are the eigenstates constructed
by Yang and Zhang, which are obviously U independent and
are believed to be the only U independent eigenstates of H
[2]. From the way they construct eigenstates, we know that
if an eigenstate of H with no double occupation in coordinate
space is not an eigenstate of S2, it will be a new eigenstate that
is not found by them, because their eigenstates with no double
occupation, i.e., the states Sn+|Υ〉 for different n and |Υ〉, and
their superpositions, are always eigenstates of S2 when the
number of electrons is fixed.
FIG. 1: Lattice sites in momentum space. The points k on the red
lines have E(k) = 0, where L = 8 is shown as an example.
Our construction of new eigenstates of H begins with an
observation that there are many single electron states in mo-
mentum space having zero energy. Figure 1 shows the lattice
sites in momentum space, where the points k = (kx, ky) with
E(k) = 0 are located on the red lines. It can be found that
the number of points k with E(k) = 0 grows linearly with L.
Note that if E(k) = 0 there is E(k+ pi) = 0. Define
Ak± = ak ± ak+pi, Bk± = bk ± bk+pi, (9)
and write them using operators in coordinate space
Ak± =
1
L
∑
r
are
−ik·r(1± e−ipi·r), (10)
Bk± =
1
L
∑
r
bre
−ik·r(1± e−ipi·r), (11)
where e−ipi·r = e−ipi(x+y), which is 1 when x + y is even,
and −1 when x + y is odd. Therefore Ak+ (Bk+) is only
a linear combination of ar (br) with r = (x, y) indicated by
black points in Fig. 2, while Ak− (Bk−) is only a linear com-
bination of ar (br) with r = (x, y) indicated by red points in
Fig. 2. Now we make the statement that if the state
|Ψ〉 = A†k1+ . . . A
†
kNa+
B†q1− . . . B
†
qNb−
|0〉 (12)
is not zero, it will be an eigenstate of H with eigenvalue E =
0, under the conditions E(ki) = 0 for i = 1, . . . , Na and
E(qj) = 0 for j = 1, . . . , Nb. In the state |Ψ〉 the Na spin-
up electrons are on the black points and the Nb spin-down
electrons are on the red points in Fig. 2, so there is no double
occupation in coordinate space. Therefore the statement is
obvious. The state |Ψ〉 is U independent and it is different
from the eigenstates given by Yang and Zhang [2], because it
is not an eigenstate of S2.
FIG. 2: Lattice sites in coordinate space. The black points are associ-
ated with operators Ak+ and Bk+, and the red points are associated
with operators Ak− and Bk−, where L = 8 is shown as an example.
The above method that we construct eigenstates of H can
be slightly modified as follows. In the definition of Ak± and
Bk± in equation (9), if we change pi = (pi, pi) to pi1 = (pi, 0),
then Ak+ (Bk+) will be only a linear combination of ar (br)
where x is even, while Ak− (Bk−) will be only a linear com-
bination of ar (br) where x is odd. Therefore |Ψ〉 in equa-
tion (12) is still a state with no double occupation in coor-
dinate space, and it will be an eigenstate of H if E(ki) =
E(ki + pi1) for i = 1, . . . , Na and E(qj) = E(qj + pi1) for
j = 1, . . . , Nb, which is the same as that the x components of
the vectors ki and qj are±pi/2. In a similar way, in the defini-
tion ofAk± andBk± in equation (9), if we changepi = (pi, pi)
to pi2 = (0, pi), the state |Ψ〉 in equation (12) is still an eigen-
state of H under the condition that the y components of the
vectors ki and qj are ±pi/2.
The eigenstates we construct are product states, which are
eigenstates of H , Sz , J2 and Jz , but not eigenstates of S2.
Now we outline a method to obtain common eigenstates ofH ,
S2, Sz , J
2 and Jz from the states we constructed. We take the
state |Ψ〉 in equation (12) as an example and assumeNa ≥ Nb
without loss of generality. The state |Ψ〉 is an eigenstate of H ,
Sz , J
2 and Jz with sz = (Na − Nb)/2, j = (M − Na −
Nb)/2 and jz = −j, and it can be written as a superposition
of eigenstates of S2 with s = sz, sz + 1, . . . , (Na + Nb)/2,
i.e.,
|Ψ〉 =
(Na+Nb)/2∑
s=sz
|Ψ(s, sz, j, jz)〉, (13)
where |Ψ(s, sz, j, jz)〉 is a common eigenstate of H , S2, Sz ,
J2 and Jz . Note that
S+|Ψ(s, sz, j, jz)〉 =
√
f(s, sz)|Ψ(s, sz + 1, j, jz)〉, (14)
S−|Ψ(s, sz + 1, j, jz)〉 =
√
f(s, sz)|Ψ(s, sz, j, jz)〉, (15)
3with f(s, sz) = s(s+ 1)− sz(sz + 1), there is
Sn−S
n
+|Ψ(s, sz, j, jz)〉 = h(s, sz, n)|Ψ(s, sz, j, jz)〉 (16)
with h(s, sz , n) =
∏sz+n−1
i=sz
f(s, i) when sz + n ≤ s, and
h(s, sz, n) = 0 when sz + n > s. So we can obtain from
equation (13) that
Sn−S
n
+|Ψ〉 =
(Na+Nb)/2∑
s=sz+n
h(s, sz, n)|Ψ(s, sz, j, jz)〉 (17)
for n = 1, . . . , Nb, which together with equation (13) gives
us a way to calculate |Ψ(s, sz, j, jz)〉 from |Ψ〉. For any
s 6= (Na+Nb)/2, if the calculated |Ψ(s, sz, j, jz)〉 is not zero,
it will be an eigenstate of H that is not found by Yang and
Zhang, because the eigenstates found by them with Na +Nb
electrons and no double occupation in coordinate space have
the total spin s = (Na + Nb)/2. When the eigenstate
|Ψ(s, sz, j, jz)〉 is obtained, more eigenstates of H can be ob-
tained by applying S+, S−, J+ and J− on it [2].
Now we give an example to demonstrate how we calculate
the common eigenstates |Ψ(s, sz, j, jz)〉 of H , S2, Sz , J2 and
Jz from the state |Ψ〉 in equation (12). The simplest nontrivial
case is Na = 1 and Nb = 1, which leads to sz = 0, j =
(M − 2)/2 and jz = (2 −M)/2. From equation (13) and
equation (17) we have
|Ψ〉 = |Ψ(0, 0, j, jz)〉+ |Ψ(1, 0, j, jz)〉, (18)
S−S+|Ψ〉 = h(1, 0, 1)|Ψ(1, 0, j, jz)〉, (19)
where h(1, 0, 1) = f(1, 0) = 2. Then there is
2|Ψ(0, 0, j, jz)〉 = 2|Ψ〉 − S−S+|Ψ〉. (20)
Substitute |Ψ〉 = A†k1+B
†
q1−|0〉 into equation (20) we get
2|Ψ(0, 0, j, jz)〉 = (A
†
k1+
B†q1− −B
†
k1+
A†q1−)|0〉, (21)
which is a singlet state with s = 0. Recall the definition of
Ak± and Bk± in equation (9), there is
2|Ψ(0, 0, j, jz)〉 = C
†|0〉+D†|0〉, (22)
where
C† = a†k1b
†
q1
+ a†q1b
†
k1
− a†k1+pib
†
q1+pi − a
†
q1+pib
†
k1+pi
,
(23)
D† = a†k1+pib
†
q1
+ a†q1b
†
k1+pi
− a†k1b
†
q1+pi − a
†
q1+pib
†
k1
.
(24)
Both C†|0〉 and D†|0〉 are common eigenstates of H , S2, Sz ,
J2 and Jz with s = 0 if they are not zero, due to the conserva-
tion of total momentum (mod (2pi)). The state C†|0〉 will be
zero only when k1 + pi = q1 mod (2pi), which is equivalent
to q1 + pi = k1 mod (2pi). The state D†|0〉 will be zero only
when k1 = q1. Therefore C†|0〉 and D†|0〉 can not be both
zero.
So far, we construct eigenstates of H only using operators
in momentum space with E(k) = 0, kx = ±pi/2 or ky =
±pi/2. Now we construct some eigenstates of H using more
general operators. We make the statement that the state
|Φ〉pi = (a
†
k1+pi
b†q1 − a
†
k1
b†q1+pi)|0〉 (25)
is an eigenstate of H with eigenvalueE = 0, under the condi-
tionE(k1) = E(q1). To prove our statement we need to show
that |Φ〉pi has no double occupation in coordinate space. This
is obvious by writing it using operators in coordinate space
|Φ〉pi =
1
L2
∑
r1
∑
r2
a†r1b
†
r2
eik1·r1eiq1·r2g(r1, r2)|0〉, (26)
where g(r1, r2) = eipi·r1 − eipi·r2 , which is zero when
r1 = r2. When q1 6= k1, the state |Φ〉pi is not an eigen-
state of S2, thus it is not an eigenstate of H found by
Yang and Zhang. When q1 = −k1 mod (2pi), the condi-
tion E(k1) = E(q1) is satisfied, but the state |Φ〉pi has al-
ready been found by Yang because it has the total momen-
tum pi [3]. However, for any k1 = (k1x, k1y) 6= 0 there is
q1 6= ±k1 mod (2pi) and satisfying E(k1) = E(q1), because
q1 = (q1x, q1y) can be (k1y , k1x), (k1y,−k1x), (−k1y, k1x),
(−k1y,−k1x), (−k1x, k1y) and (k1x,−k1y). Therefore |Φ〉pi
represents some new eigenstates of H . We note that in the
definition of |Φ〉pi in equation (25), if we change pi = (pi, pi)
to pi1 = (pi, 0), then the new state |Φ〉pi1 will be an eigenstate
of H under the condition k1x = ±q1x. Similarly, in the def-
inition of |Φ〉pi in equation (25), if we change pi = (pi, pi) to
pi2 = (0, pi), then the new state |Φ〉pi2 will be an eigenstate of
H under the condition k1y = ±q1y.
The above method to construct eigenstates ofH can be gen-
eralized as follows. Consider the state
|Φ〉α = (a
†
k1+α
b†q1 − a
†
k1
b†q1+α)|0〉, (27)
which has no double occupation in coordinate space as |Φ〉pi .
It will be an eigenstate of H if the condition
E(k1 +α) + E(q1) = E(k1) + E(q1 +α) (28)
is satisfied. When k1 = q1 the condition is satisfied, but
the state has be found by Yang and Zhang because it is an
eigenstate of S2 with s = 1 [2]. However, when k1 6= q1
the condition can be satisfied in the following cases: (1) α =
(αx, 0), k1x = q1x, k1y = −q1y; (2) α = (0, αy), k1x =
−q1x, k1y = q1y; (3) α = (αx, αy) with αx = αy , k1x =
q1y , k1y = q1x; (4) α = (αx, αy) with αx = −αy , k1x =
−q1y, k1y = −q1x. Therefore |Φ〉α can represent some new
eigenstates of H that are not found before. Note that in the
above four cases, there are E(k1) = E(q1), E(k1 + α) =
E(q1 + α) and k1 + q1 is proportional the vector α. When
k1 + q1+α = pi mod (2pi), the state has already been found
by Yang because it has a total momentum pi [3], however this
can only be occasionally happened in the above case (3) and
(4).
Some new eigenstates of H can be constructed in the spirit
of η pairing. Suppose d is an integer and define the operators
Gd =
∑
kx
eikxdb(kx,pi−kx) =
∑
x
e−ipi(x−d)b(x,x−d), (29)
4where b(kx,pi−kx) is the operator bk in momentum space with
k = (kx, pi−kx), and b(x,x−d) is the operator br in coordinate
space with r = (x, x− d). Define
Fd(kx, ky) = e
ikxda(kx,ky) − e
ikyda(ky,kx), (30)
where a(kx,ky) and a(ky,kx) are operators ak in momentum
space with k = (kx, ky) and k = (ky , kx), respectively.
Fd(kx, ky) can be rewritten as
Fd(kx, ky) =
1
L
∑
r
(e−i(kx(x−d)+kyy)−e−i(ky(x−d)+kxy)ar,
(31)
where ar is an operator in coordinate space with r = (x, y).
Note that Gd is a linear combination of br with y = x − d,
and Fd(kx, ky) is a linear combination of ar with y 6= x − d,
therefore if
|Ω〉d = Fd(kx1 , ky1)
†Fd(kx2 , ky2)
† . . . Fd(kxn , kyn)
†G†d|0〉(32)
is not zero, it will be an eigenstate of H because there is no
double occupation in coordinate space. Note that |Ω〉d is not
an eigenstate of S2, therefore it is an eigenstate ofH not found
by Yang and Zhang [2]. We emphasize that the number of
electrons in |Ω〉d can be of the order L2, which is different
from the eigenstates we construct in the above.
Before summary we want to give a revisit to the single elec-
tron operator Gd in equation (29), where the integer d con-
trols its pattern in coordinate space, and different d represents
different pattern. This observation can be used to construct
eigenstates of H . Define operator Yd as the same as Gd but
using spin-up operator ak instead of spin-down operator bk,
i.e.,
Yd =
∑
kx
eikxda(kx,pi−kx) =
∑
x
e−ipi(x−d)a(x,x−d), (33)
where a(kx,pi−kx) is the operator ak in momentum space with
k = (kx, pi−kx), and a(x,x−d) is the operator ar in coordinate
space with r = (x, x − d). It is obvious that the state
|Γ〉 = Y †d1Y
†
d2
. . . Y †dNaG
†
dNa+1
G†dNa+2 . . . G
†
dNa+Nb
|0〉 (34)
is an eigenstate of H when all di (mod L) are different, be-
cause it has no double occupation in coordinate space. How-
ever the state |Γ〉 is not a new eigenstate ofH , but a superposi-
tion of states |Ψ〉 in equation (12), due to the fact that Yd (Gd)
is a superposition of A± (B±) for different k = (kx, pi − kx)
in equation (9).
In summary, we have constructed many new U independent
eigenstates of H of the Hubbard model in two dimension, and
presented a method to obtain common eigenstates of H , S2,
Sz , J
2 and Jz from the states we constructed. More new
eigenstates can be constructed from the states we obtained
with the method given by Yang and Zhang according to the
SO4 symmetry of the Hubbard model [2]. Our results can be
easily generalized to higher dimensions.
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